In this paper we revisit concepts in a graph such as domination, independence, restrained domination and define the concept of restrained independent domination in a connected graph G. We give some characterizations involving this newly defined concept and its relationship with some of the variants of the standard domination concept. It is shown that given positive integers a, b, and c, where 1 < a ≤ b ≤ c, 1
Introduction
Let G = (V (G), E(G)) be a simple undirected graph. A set S ⊆ V (G) is an independent set if any two distinct vertices in S are non-adjacent. The largest cardinality of an independent set in G, denoted by β(G), is called the independence number of G.
The neighborhood of a vertex v of G is the set N G (v) = N (v) = {u ∈ V (G) : uv ∈ E(G)}. If S ⊆ V (G), then the open neighborhood of S is the set N G (S) = N (S) = ∪ v∈S N G (v). The closed neighborhood of S is N G [S] = N [S] = S ∪ N (S). A subset S of V (G) is a dominating set of G if for every v ∈ (V (G)\S), there exists x ∈ S such that xv ∈ E(G), i.e., N [S] = V (G). The domination number γ(G)
of G is the smallest cardinality of a dominating set of G. A dominating set S in G which is also independent is called an independent dominating set. The smallest cardinality of an independent dominating set in G, denoted by γ i (G), is referred to as the independent domination number of G. A dominating set S is a restrained dominating set if for every v ∈ V (G)\S, there exists z ∈ V (G)\S such that xz ∈ E(G). A restrained dominating set S which is also independent is called a restrained independent dominating set. The restrained domination number γ r (G) (resp. restrained independent domination number γ i r (G)) of G is the smallest cardinality of a restrained dominating (resp. restrained independent dominating) set of G. A dominating set S in G is called a γ-set (resp. γ i -set, γ r -set, and γ i r -set) of G if the cardinality of S is equal to γ(G) (resp. γ i (G), γ r (G), and γ i r (G)). As mentioned in [2] , an application of the concept of restrained domination is that of prisoners and guards. Each vertex not in the restrained dominating set can be viewed as a position of a prisoner, and every vertex in the restrained dominating set can be considered as a position of a guard. In this way, each prisoner's position is observed by a guard's position (to ensure security) while each prisoner's position is seen by at least one other prisoner's position (to protect the rights of prisoners).
Results on restrained dominating and total restrained dominating sets and the parameters associated with them can be found in [1] , [2] , [5] , [6] and [7] . Other variants of the standard domination concept can be found in [3] and [4] .
Results
The following remarks are immediate from the definitions. Recall that a vertex v of a connected graph G is a leaf if deg G (v) = 1. If v is a leaf and u is the vertex of G with uv ∈ E(G), then u is called a stem or a support vertex. Now, if S is a restrained dominating set of a connected graph G and v is a leaf in G with support u, then u ∈ S whenever v / ∈ S. This, however, is not possible because v is not adjacent to any other vertex outside S. Therefore v ∈ S. We state this formally in the following
Remark 2.1 γ(G) ≤ γ i (G)
≤ γ
Remark 2.3 Let G be a connected graph of order n ≥ 3. If v is leaf in G, then v is contained in every restrained dominating set of G.
An independent dominating set and a restrained dominating set always exist in a connected graph G of order n ≥ 2. However, a restrained independent dominating set need not exist in a connected graph G. The following result characterizes all connected graphs G which have a restrained independent dominating set.
Theorem 2.4 Let G be a connected graph of order n ≥ 3. Then G has an independent dominating set if and only if it has an independent dominating set S such that V (G) \ S has no isolated vertices.
Proof : Suppose G has an independent dominating set S such that V (G) \ S has no isolated vertices. Let x ∈ V (G) \ S and let G 1 be the component of V (G) \ S with x ∈ V (G 1 ). Since G 1 is a non-trivial connected graph, there exists y ∈ V (G 1 ) ⊆ V (G) \ S such that xy ∈ E(G). Thus S is a restrained independent dominating set in G.
For the converse, suppose that G has a restrained independent dominating set S. Let G * be a component of V (G) \ S . Let a ∈ V (G * ). Since S is a restrained dominating set of G, there exists b ∈ V (G) \ S such that ab ∈ E(G). Therefore b ∈ V (G * ), showing that G * is non-trivial. Accordingly, V (G) \ S has no isolated vertices.
Throughout this paper we denote by the class consisting all connected graphs which have a restrained independent dominating set. We note further that if G ∈ , then the order of G is at least three.
Example 2.5
The paths P 4 and P 7 are in . On the other hand, the paths P 3 , P 5 and P 8 are not in .
The next result characterizes all paths P n and cycles C n that are in the class .
Theorem 2.6
Let n be a positive integer greater than or equal to 3. Then P n ∈ if and only if n ≡ 1mod (3) . Moreover, if P n ∈ , then γ i r (P n ) = n+2 3
.
Proof : Suppose P n = [x 1 , x 2 , · · · , x n ] ∈ . Let S be a restrained independent dominating set of P n . By Remark 2.3, x 1 , x n ∈ S. Let x i and x j be consecutive elements of S, where i < j. Since S is an independent set, x i x j / ∈ E(P n ). Now, since S is a restrained dominating set, x i+1 , x i+2 / ∈ S and x i+3 ∈ S. Thus j = i + 3, i.e., j − i = 3. Let |S| = k. Since x 1 , x n ∈ S, it follows that the sequence 1, 4, · · · , n is an arithmetic progression with common difference d = 3. Therefore n = 3(k − 1) + 1, showing that n ≡ 1mod (3) . Moreover, S = {x 1 , x 4 , · · · , x n } is the unique restrained independent dominating set of P n . Thus, from n = 3(k − 1) + 1, it follows that γ i r (P n ) = |S| = k = n+2 3 . For the converse, suppose that n ≡ 1mod(3). Then n − 1 = 3r for some positive integer r ≥ 1. Let S = {x 1 , x 4 , · · · , x 3r+1 }. Then S is a restrained independent dominating set of G. This shows that P n ∈ .
Theorem 2.7 Let n be a positive integer greater than or equal to 3. Then
Proof : Suppose C n = (x 1 , x 2 , · · · , x n , x 1 ) ∈ . Let S be a restrained independent dominating set of C n . We may assume that x 1 ∈ S. Let x i and x j be consecutive elements of S, where i < j. Since S is an independent set,
Again, since S is a dominating set, x n−2 ∈ S. It follows that the sequence 1, 4, · · · , n − 2 is an arithmetic progression with common difference d = 3. Therefore n − 2 = 3(k − 1) + 1, i.e., n − 3 = 3(k − 1). This implies that n ≡ 3mod(3). Clearly,
For the converse, suppose that n ≡ 3mod(3). Then n − 3 = 3s for some non-negative integer s. Hence n − 2 = 3s + 1. Let S = {x 1 , x 6 , · · · , x 3s+1 . Then S is a restrained independent dominating set of G. This shows that C n in . 
Proof : Since V (G) is not an independent set, it is not a restrained independent dominating set. Thus,
. Since S is a restrained dominating set, xv ∈ E(G) and xy ∈ E(G) for some y ∈ V (H). Since H 1 is the component of H containing x as a vertex, it follows that y ∈ V (H 1 ). This implies that H 1 is a non-trivial component of H. Since H 1 was arbitrarily chosen, it follows that G = K 1 + H and H has no isolated vertices.
For the converse, suppose that G = K 1 + H for some graph H with no isolated vertices. Let V (K 1 ) = {v} and let S = {v}. Then, clearly, S is a restrained independent dominating set of G. Thus,
Then there exist distinct vertices x and y of G such that S = V (G) \ {x, y} is a γ i r -set of G. It follows that xy ∈ E(G) and S is an independent set (property (i) holds). By Remark 2.3, |N G (x)| ≥ 2 and |N G (y)| ≥ 2, i.e., property (ii) holds.
Next, suppose that
This shows that property (iii) holds.
Suppose that there exist adjacent vertices x and y of G satisfying properties (i), (ii), and (iii). Let S = V (G) \ {x, y}. Then S is a restrained independent dominating set of G. Suppose there exists a restrained independent dominating set S * of G with |S * | < |S|. Since S is an independent set, S * is not contained in S (otherwise, S * is not a dominating set since there exists z ∈ S \ S * which is not adjacent to every element of S * ). Also, since xy ∈ E(G), x ∈ S * or y ∈ S * but not both. Assume that x ∈ S * . Since |S * | < |S|, |S * | ≤ n − 3. This implies that there exist at least two vertices, say p, q ∈ S \ S * . Since S * is a restrained independent dominating set of
. Since x ∈ S * and xw ∈ E(G), it follows that w / ∈ S * . Now, because wy, wu / ∈ E(G) for all u ∈ S, it follows that S * is not a restrained dominating set of G, a contradiction to the assumption that S * is a restrained independent dominating set of G. This shows that S is a γ 
Corollary 2.9
Let n be a positive integer. Then Proof : Consider the following cases: Figure 1 below 
Realization Problems
is contained in any restrained dominating set of G. Since S 1 is not a dominating set, it is not a restrained independent dominating set of G.
Observe that γ(G) = 1 of the graph G constructed in the second case of the proof of Theorem 3.1. Consequently, the following result is immediate. 
Since every dominating set of G must contain at least one vertex from each of the a triangles of G, it follows that S 1 is a γ-set of G. Similarly, S 2 is both a γ i -set and a γ i r -set of G.
Consider be the graph G obtained from H by adding the edges y i z i , x i y i and x i z i for i = 1, 2, · · · a − 1 and the edges x a w j for j = 1, 2, · · · , c − a + 1 (see Figure 3) . 
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